Introduction {#Sec1}
============

The origin of the parameters in the flavour sector of the Standard Model (SM), minimally extended to include massive neutrinos, is one of the most enigmatic questions in particle physics. Out of the 22 (20 if B-L is conserved) independent low-energy parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$, which with some abuse of language can be called Yukawa couplings, 18 have been measured. Of the remaining four parameters, the absolute scale of neutrino masses is constrained in a limited range, the leptonic Dirac CP-violating phase starts to be constrained by global fits while the two possible Majorana phases are still unknown. A considerable effort has been devoted to the search for a more economic description, perhaps related to a new principle, such as the gauge principle. Gauge invariance and renormalisability allow one to describe strong and electroweak interactions of three copies of 15 different fermion species in terms of only three parameters. Nothing similar exists so far in the flavour sector and we usually refer to this as the flavour puzzle. Another aspect of flavour is related to the new particle threshold around the TeV scale predicted by all SM extensions addressing the hierarchy problem. Once new TeV particles transforming non-trivially in flavour space are introduced, it is very difficult to maintain the almost perfect agreement between predictions and observations that reigns in the SM. New sources of flavour-changing neutral currents (FCNC) and CP violations appear and the task is to keep them at an acceptable level. This is what we commonly mean by flavour problem, to distinguish it from the flavour puzzle. In this short review the focus will be on the first aspect, I will comment only briefly on the second one. Also, I am not aiming at reviewing all the existing models, but rather at revisiting some main ideas, guided by my own prejudices. Several aspects that have been left aside or only briefly mentioned in this paper are covered in a number of reviews \[[@CR1]--[@CR4]\]. In particular I will not do justice to the vast literature of fermion masses in grand unified theory \[[@CR5]--[@CR7]\], nor to that discussing the flavour puzzle in the framework of string theory \[[@CR8], [@CR9]\].

There are different approaches to the flavour puzzle, with many intermediate possibilities. We may take a reductionist perspective: the Yukawa couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ should be deduced from first principles. We postulate the existence of a fundamental theory from which $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ can be uniquely determined. Either by proceeding directly from the candidate theory or by appealing to some symmetry or dynamical principle, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ are then computed in terms of a small set of input parameters. Probably the most striking fact about this program is that nothing approaching a standard theory of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ exists, despite the decades of experimental progress and theoretical efforts. In another approach a major role is played by chance. There are many variants and practical implementations of this strategy. The Yukawa couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ are typically mapped to a large number of order-one parameters that are considered as irreducible unknowns, like in models with Froggatt--Nielsen abelian flavour symmetries or with fermions living in extra dimensions. Also the simplest version of partial compositeness falls into this class. By scanning the order-one parameters we get probability distributions for masses and mixing angles. Alternatively we start from a fundamental theory, like string theory, which possesses a vast landscape of solutions, with no privileged ground state. The observed Yukawa couplings become environmental quantities and cannot be predicted, like the relative sizes of the solar planetary orbits (For review see \[[@CR10]\]). We are allowed to ask much less ambitious questions. For instance, if we have knowledge of the statistical distribution of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ in an hypothetical multiverse where the laws of physics follow our fundamental theory, we can ask how typical are the Yukawa couplings that we observe. Conversely, barring anthropic selections, we might assume that the observed $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ are typical and try to deduce information on the statistical distribution of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ in the multiverse \[[@CR11], [@CR12]\]. Such a variety of open possibilities shows how far we are from the solution of the puzzle and even from identifying the most relevant questions to be addressed.
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                \begin{document}$$\mathcal{Y}_i$$\end{document}$ are dimensionless and in a dynamical theory of flavour we have essentially no clue about the characteristic scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _f$$\end{document}$. If active neutrinos are Majorana particles and B-L gets violated at a scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda $$\end{document}$, then $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{\Delta m^2_\mathrm{atm}}\approx 0.05$$\end{document}$ eV strongly suggests a very large $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda $$\end{document}$. However, in general $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda $$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _f$$\end{document}$ are independent from each other. Thus there is no clear relation between $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _f$$\end{document}$ and other possible particle physics thresholds such as the TeV scale, relevant to the gauge hierarchy problem, or the grand unified scale. This makes it more difficult to identify unambiguous signatures to confirm or rule out a given model of fermion masses and mixing angles. For instance, the extrapolation of the Yukawa couplings from the scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _f$$\end{document}$ down to low-energies where they are measured can involve new particle threshold and/or unknown parameters, thus affecting our ability to test the high-energy theory.

Lessons from the quark sector {#Sec2}
=============================

A first useful observation is that ratios of charged fermion masses and quark mixing angles can be represented by powers of the Cabibbo angle. Using $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda =0.22$$\end{document}$ we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{m_e}{m_\tau }\approx \lambda ^{5.4}&\qquad \dfrac{m_d}{m_b}\approx \lambda ^{4.3}&\qquad \frac{m_u}{m_t}\approx \lambda ^{7.4}\end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{m_\mu }{m_\tau }\approx \lambda ^{1.9}&\qquad \dfrac{m_s}{m_b}\approx \lambda ^{2.3}&\qquad \frac{m_c}{m_t}\approx \lambda ^{3.6}, \end{aligned}$$\end{document}$$where all masses have been renormalised at the scale $\documentclass[12pt]{minimal}
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                \begin{document}$$m_Z$$\end{document}$. It is well known that also the elements of the Cabibbo--Kobayashi--Maskawa (CKM) mixing matrix can be expressed in terms of powers of $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |V_{ud}|\approx 1\quad |V_{us}|\approx \lambda |V_{cb}|\approx \lambda ^2\quad |V_{ub}|\approx \lambda ^4\div \lambda ^3. \end{aligned}$$\end{document}$$For comparison, in the lepton sector, where the Pontecorvo--Maki--Nakagawa--Sakata (PMNS) mixing matrix is denoted by *U*, we have all $\documentclass[12pt]{minimal}
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                \begin{document}$$|U_{fi}|$$\end{document}$ of order one, except for $\documentclass[12pt]{minimal}
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                \begin{document}$$|U_{e3}|$$\end{document}$ which is of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$. The ratio between the solar and the atmospheric neutrino squared-mass differences $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta m^2_{21}/|\Delta m^2_{31}|$$\end{document}$ is of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda ^2$$\end{document}$. Focussing on the quark sector, in a pioneering work \[[@CR13]\] Froggatt and Nielsen observed that all the small dimensionless parameters of the quark sector such as the quark mass ratios and the CKM mixing angles can be interpreted as powers of the breaking parameter of a flavour symmetry. In this case the flavour symmetry group $\documentclass[12pt]{minimal}
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                \begin{document}$$G_f$$\end{document}$ is abelian, $\documentclass[12pt]{minimal}
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                \begin{document}$$G_f=U(1)_\mathrm{FN}$$\end{document}$. A scalar field $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$, carrying by convention a negative unit of the abelian charge FN, develops a vacuum expectation value (VEV) that can be parametrised as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda =\langle \varphi \rangle /\Lambda _f<1\quad \mathrm{FN}(\varphi )=-1. \end{aligned}$$\end{document}$$Quarks carry non-negative $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{U(1)}_\mathrm{FN}$$\end{document}$ charges (the case with charges of both signs can be discussed as well)$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{FN}(X_i)\ge 0\quad (X_i=q_i,u^c_i,d^c_i). \end{aligned}$$\end{document}$$Under these assumptions the quark Yukawa couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$y_{u,d}$$\end{document}$ are given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} y_u=F_{u^c} Y_u F_q,\quad y_d=F_{d^c} Y_d F_q, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_{u,d}$$\end{document}$ are complex matrices with entries of order one, undetermined by the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{U(1)}_\mathrm{FN}$$\end{document}$ symmetry, while $\documentclass[12pt]{minimal}
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                \begin{document}$$F_X$$\end{document}$ are real diagonal matrices, completely specified in terms of $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ by the charges $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F_X= \left( \begin{array}{c@{\quad }c@{\quad }c} \lambda ^{\mathrm{FN}(X_1)}&{}0&{}0\\ 0&{}\lambda ^{\mathrm{FN}(X_2)} &{}0\\ 0&{}0&{}\lambda ^{\mathrm{FN}(X_3)} \end{array} \right) \quad (X_i=q_i,u^c_i,d^c_i). \end{aligned}$$\end{document}$$The small quark mass ratios and quark mixing angles originate from the hierarchical structure of the matrices $\documentclass[12pt]{minimal}
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                \begin{document}$$F_X$$\end{document}$. Indeed, by taking $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{FN}(q_1)>\mathrm{FN}(q_2)>\mathrm{FN}(q_3)\ge 0$$\end{document}$ we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (V_{u,d})_{ij}\approx \frac{F_{q_i}}{F_{q_j}}<1\,(i<j) \end{aligned}$$\end{document}$$for the matrices $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{u,d}$$\end{document}$ defining the CKM mixing matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$V_\mathrm{CKM}=V_u^\dagger V_d$$\end{document}$. Independently from the specific charge choice, this framework predicts$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_{ud}\approx V_{cs}\approx V_{tb}\approx O(1)\quad V_{ub}\approx V_{td}\approx V_{us}\times V_{cb}, \end{aligned}$$\end{document}$$the last equality being correct within a factor of 2. With $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \approx 0.2$$\end{document}$, the correct order of magnitudes of the $\documentclass[12pt]{minimal}
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                \begin{document}$$V_\mathrm{CKM}$$\end{document}$ matrix elements can be reproduced by choosing, for instance, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{FN}(q)=(3,2,0)$$\end{document}$. The correct order of magnitudes of the quark mass ratios can be reproduced by choosing, for example$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathrm{FN}(q)=(3,2,0)\quad \mathrm{FN}(u^c)=(4,2,0)\nonumber \\&\quad \mathrm{FN}(d^c)=(1+r,r,r), \end{aligned}$$\end{document}$$*r* being a non-negative integer. If there is only one Higgs doublet, then we need *r* to be close to 2 to match the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$m_t/m_b$$\end{document}$. If two Higgs doublets are present, other choices are possible by varying $\documentclass[12pt]{minimal}
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                \begin{document}$$\tan \beta =v_u/v_d$$\end{document}$. Several aspects of this class of models have been discussed in Refs. \[[@CR14]--[@CR21]\].

The construction relies on a spontaneously broken abelian flavour symmetry, but the final results ([6](#Equ6){ref-type=""})--([9](#Equ9){ref-type=""}) are valid in a more general context, where no symmetry is present to start with. A simple example is provided by a model with an extra spatial dimension, compactified on an orbifold $\documentclass[12pt]{minimal}
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                \begin{document}$$S^1/Z_2$$\end{document}$ to allow for 4D chiral fermions. The Lagrangian for a 5D spinor $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi (x,y)$$\end{document}$ reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal{L}= & {} i\overline{\Psi }\Gamma ^M D_M \Psi +m \overline{\Psi } \Psi \nonumber \\= & {} i\overline{\Psi }\gamma ^\mu \partial _\mu \Psi -\overline{\Psi }\gamma _5 \partial _y \Psi +m \overline{\Psi } \Psi +\cdots \end{aligned}$$\end{document}$$where the mass *m* should be odd under the $\documentclass[12pt]{minimal}
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                \begin{document}$$-y$$\end{document}$. A possible choice is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m=M\epsilon (y) , \end{aligned}$$\end{document}$$*M* being a real constant and $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon (y)$$\end{document}$ the periodic sign function. The 5D spinor has left (L) and right (R) chiralities in four dimensions$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Psi = \left( \begin{array}{c} \Psi _\mathrm{L}\\ \Psi _\mathrm{R} \end{array} \right) \end{aligned}$$\end{document}$$with opposite $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_2$$\end{document}$ parities, such that only the even component developes a massless (zero) mode. Choosing, for instance, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi _\mathrm{L}$$\end{document}$ even and $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi _\mathrm{R}$$\end{document}$ odd, the equation satisfied by the zero mode of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi _\mathrm{L}$$\end{document}$ is$$\documentclass[12pt]{minimal}
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Similarly, in the partial compositeness scenario \[[@CR25]\], light fermions get hierarchical masses from the mixing between an elementary sector and a composite one. As a toy realisation of this idea, consider a model where the composite sector contains, for each SM fermion, a pair of heavy fermions allowing a Dirac mass term of the order of the compositeness scale and a mixing term with the SM fields \[[@CR26], [@CR27]\]$$\documentclass[12pt]{minimal}
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The same pattern arises when matter chiral multiplets $\documentclass[12pt]{minimal}
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In the previous examples the anarchical pattern of $\documentclass[12pt]{minimal}
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When such a spurion analysis is applicable, the estimate of Eq. ([26](#Equ26){ref-type=""}) represents a sort of lower bound on the size of the expected effect and larger contributions are possible \[[@CR36]\]. For example in supersymmetric extensions of the SM with a U(1)$\documentclass[12pt]{minimal}
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From quarks to leptons {#Sec3}
======================

In the lepton sector we have no evidence for strong hierarchies in mixing angles or in neutrino masses. Hierarchy shows up at the level of charged-lepton masses. In terms of the suppression factors $\documentclass[12pt]{minimal}
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A drastic realisation of this picture is the framework of Anarchy \[[@CR39]--[@CR43]\], which corresponds to the case$$\documentclass[12pt]{minimal}
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If this framework also comprises new flavoured particles at the TeV scale, severe bounds from lepton flavour violation (LFV) apply, under assumptions analogous to those spelled for the quark sector. The irreducible sources of flavour violation in the lepton sector include the matrices $\documentclass[12pt]{minimal}
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Realisations in grand unified theories {#Sec4}
======================================

A welcome feature of the above description is that it can be adapted to grand unified theories (GUT) where quarks and leptons are hosted in the same multiplet of the gauge group. In SU(5) the gauge symmetry requires$$\documentclass[12pt]{minimal}
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At first sight this description does not seem to be compatible with an SO(10) GUT. The most general renormalisable Yukawa interaction of three copies of fermion generations transforming as $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal{L}_Y \!=\! -\mathbf{16}_i \left[ Y_{10}^{ij}\mathbf{10}_H \!+\! Y_{120}^{ij} \mathbf{120}_H \!+\! Y_{126}^{ij} \overline{\mathbf{126}}_H\right] \mathbf{16}_j +h.c.\nonumber \\ \end{aligned}$$\end{document}$$The pattern of Yukawa couplings in Eq. ([6](#Equ6){ref-type=""}) can also be thought to arise from a rescaling of the fermions fields, with the constraint that fermions belonging to a given irreducible representation of the gauge group have to undergo the same renormalisation. By assuming that the matrices $\documentclass[12pt]{minimal}
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The model is a SUSY SO(10) GUT realised in a flat five-dimensional space time, the fifth dimension being compactified on an interval $\documentclass[12pt]{minimal}
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The model contains many parameters of order one. After rephasing of the relevant fields there are 27 real parameters coming from the matrices $\documentclass[12pt]{minimal}
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A closer inspection reveals that fitting fermion masses and mixing angles in the IO case requires a fine-tuning of the Yukawa parameters. By generating a large sample of random order-one Yukawa parameters, the fit can be repeated by keeping at each iteration only 12 free parameters, four for the profiles and eight for the relevant Higgs combinations. The distributions of the minimum $\documentclass[12pt]{minimal}
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Focussing on the NO case, there is no preferred value of the leptonic Dirac CP phase. The lightest neutrino mass is predicted below 5 meV, corresponding to a hierarchical neutrino mass spectrum while $\documentclass[12pt]{minimal}
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In summary, fermion masses and mixing angles are well described by the map in Eqs. ([6](#Equ6){ref-type=""}), ([30](#Equ30){ref-type=""}) and ([31](#Equ31){ref-type=""}), in terms of input parameters of order one, the elements of the *Y* matrices. Such a map can be realised in several different frameworks and does not necessarily need an underlying symmetry. The setup is compatible with both SU(5) and SO(10) grand unification and with the known solution to the gauge hierarchy problem. On the weak side, additional ingredients are probably needed to control the new sources of FCNC and CP-violations arising from new flavoured physics at the TeV scale. Moreover, all entries of the *Y* matrices are independent free parameters and it is not possible to make absolute predictions, beyond the order-of-magnitude accuracy. This is clearly a major limitation, since we would like to test the theory at the level of the best available experimental precision. Finally the map in Eqs. ([6](#Equ6){ref-type=""}), ([30](#Equ30){ref-type=""}) and ([31](#Equ31){ref-type=""}) might be an oversimplified version of a more accurate description and indeed there are several variants of the frameworks briefly mentioned in Sect. [2](#Sec2){ref-type="sec"} that modify the results of Eqs. ([6](#Equ6){ref-type=""}), ([30](#Equ30){ref-type=""}) and ([31](#Equ31){ref-type=""}) \[[@CR60]\].

Flavour symmetries {#Sec5}
==================

Given the successful use of symmetries in other contexts of particle physics, it is natural to investigate whether Yukawa couplings can be constrained by a flavour symmetry. The largest possible classical flavour symmetry of a theory with the particle content of the SM is $\documentclass[12pt]{minimal}
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An attempt to start from the full $\documentclass[12pt]{minimal}
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                \begin{document}$$SU(3)^3$$\end{document}$ quarks transform as in Eq. ([24](#Equ24){ref-type=""}). Yukawa couplings are promoted to spurions transforming as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$G_\mathrm{MFV}$$\end{document}$ can be eliminated by gauging the flavour symmetry \[[@CR66]\]. Correction terms are needed to promote the leading-order picture into a more realistic theory. If there is new physics close to the TeV scale, the advantage of assuming the largest possible flavour symmetry $\documentclass[12pt]{minimal}
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                \begin{document}$$G_\mathrm{MFV}$$\end{document}$ is the high degree of protection against FCNC induced by the new flavoured degrees of freedom. If the only sources of flavour symmetry breaking are the SM Yukawa couplings, such a maximal symmetry is minimally violated \[[@CR32]\]. The classification of the expected effects is unambiguous in the quark sector, and can be extended in several ways in the lepton sector \[[@CR49], [@CR67]\].

Continuous flavour symmetry groups such as SO(3) and SU(3) have been proposed \[[@CR68]--[@CR70]\], also in the context of grand unified theories \[[@CR71], [@CR72]\], with the three fermion families assigned to an irreducible triplet representation. Charged fermions of the first two generations are much lighter than those of the third generation and consequently within SU(3) or SO(3) we are forced to introduce large breaking terms. Alternatively we can start from the smaller flavour group U(2) and assign the first two generations to doublets and the third one to singlets. Within the simplest realisation, such an assignment in the quark sector leads to \[[@CR73]\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} y_{u,d}= \left( \begin{array}{c@{\quad }c@{\quad }c} 0&{} \epsilon '_{u,d}&{}0\\ \epsilon '_{u,d}&{} \epsilon _{u,d}&{}\mathcal{O}(\epsilon _{u,d})\\ 0&{}\mathcal{O}(\epsilon _{u,d})&{}1 \end{array} \right) (y_{u,d})_{33}, \end{aligned}$$\end{document}$$where phases have been omitted. To correctly reproduce quark masses without appealing to cancellations among the matrix elements we need $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ level \[[@CR76], [@CR77]\].[1](#Fn1){ref-type="fn"} Modifications of the ansatz ([46](#Equ46){ref-type=""}), where either the 13 matrix element is non-vanishing or the element 32 is of the same order of the element 33, have been proposed to recover agreement with the data \[[@CR76], [@CR80]\].

This is a nice example of a model of fermion masses based on symmetry requirements and leading to testable predictions. In this case the predictions were initially supported by data. Later on the precise measurements at the B-factories and the improved theoretical knowledge of both perturbative and non-perturbative QCD effects have considerably reduced the errors on the CKM matrix elements. Also the knowledge of light quark masses has improved and deviations from ([49](#Equ49){ref-type=""}) are now significant. Unfortunately not all present models and ideas can be tested at the same level of accuracy.
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Special attention has been paid to hermitian textures, $\documentclass[12pt]{minimal}
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More general textures have been analyzed in Ref. \[[@CR90]\]. If no symmetry requirement is imposed, there are viable textures that correctly fit the data. However, they do not show any predictive power with respect to any of the quark masses and mixing parameters. When $\documentclass[12pt]{minimal}
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                \begin{document}$$y_{u,d}$$\end{document}$ are symmetric matrices, there are several independent 4-zero and 5-zero textures that allow to predict some of the light quark masses in terms of the mixing angles and the remaining masses.

In the lepton sector, working in the flavour basis where the charged lepton mass matrix is diagonal, we can study textures of the symmetric matrix for light Majorana neutrinos \[[@CR91]\]. Those with three or more zeros are experimentally excluded, while data still allow seven independent 2-zero textures \[[@CR92], [@CR93]\]. The requirement that zeros of the neutrino mass matrix should be present in the flavour basis can be relaxed and more general textures have been investigated. Both cases of Dirac and Majorana neutrinos have been analyzed and many independent textures in agreement with the existing data have been identified. For a systematic study of all possibilities of texture zeros in the charged-lepton and neutrino mass matrices and for a recent review on the subject we refer the reader to Ref. \[[@CR94]\] and Ref. \[[@CR95]\], respectively.
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                \begin{document}$$G_f=\mathrm{U}(2)^3$$\end{document}$ is that squarks of the first two generations can be taken significantly heavier than the third generation ones. Furthermore the presence of separate U(2) for left and right-handed fields, provides a sufficient protection of flavour-violating effects in the right-handed sector.

Discrete symmetries {#Sec6}
===================

The data from neutrino oscillations before 2012 were supporting flavour symmetries, especially through the indication of a vanishing reactor angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta _{13}$$\end{document}$ is neither vanishing nor particularly small, its size being comparable to that of the Cabibbo angle.

Recent global fits \[[@CR99]--[@CR101]\] (see Table [4](#Tab4){ref-type="table"}) favour a deviation of the atmospheric mixing angle from the maximal value by several degrees and, at the same time, show a preference for a maximal Dirac CP-violating phase $\documentclass[12pt]{minimal}
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There are few known mechanisms to generate a maximal atmospheric angle. We know that $\documentclass[12pt]{minimal}
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Introducing large corrections has the disadvantage that beyond the LO the number of independent contributions to the mixing matrix is generally quite large. If their typical size is about 0.2, all mixing angles tend to be affected by generic corrections of this type and predictability is lost. Moreover, large correction terms are dangerous if new sources of flavour changing and/or CP violation are present at the TeV scale. Thus some assumptions as regards the dominant source of corrections are needed. For example, a reasonable possibility is to perturb the BM mixing pattern by a rotation $\documentclass[12pt]{minimal}
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Another development consists in combining discrete and CP symmetries \[[@CR140], [@CR141]\] and exploring the symmetry breaking patterns such a combination can give rise to. A well-known example is that of the so-called $\documentclass[12pt]{minimal}
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A general formalism which combines CP and flavour symmetries \[[@CR140]\] can be used to constrain the lepton mixing matrix. A theory symmetric under CP and under a discrete flavour group $\documentclass[12pt]{minimal}
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Recently several explicit models combining CP and flavour symmetries have been proposed and several series of discrete groups have been investigated in combination with CP \[[@CR150]--[@CR157]\]. Other approaches making use of CP and discrete symmetries are described in \[[@CR158]--[@CR171]\].Fig. 7Results for the mixing parameters $\documentclass[12pt]{minimal}
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Hints from empirical relations {#Sec7}
==============================

Empirical relations among fermion masses and/or mixing angles have been frequently suggested as a clue towards a solution of the flavour puzzle. Here as an example I will comment one of the most striking ones, Koide's formula[4](#Fn4){ref-type="fn"} for charged-lepton masses \[[@CR172], [@CR173]\]:$$\documentclass[12pt]{minimal}
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This can be seen in Table [6](#Tab6){ref-type="table"} where the running Yukawa parameters of the charged leptons in the $\documentclass[12pt]{minimal}
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More in general, we can ask what is the probability of finding a simple homogeneous relation among charged fermion masses holding to an accuracy similar to the one of the Koide relation at a given scale $\documentclass[12pt]{minimal}
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                \begin{document}$$y_\tau (\mu )$$\end{document}$ are as good as the one from the Koide relation. Probably it is not surprising that scanning thousands of possibilities we can find "simple" relations working at the level of the percent accuracy. It is much more difficult to find, through these relations, a direct link to some unknown fundamental layer of particle physics.

Conclusion {#Sec8}
==========

We are witnessing a continuous experimental progress in flavour physics. In neutrino physics, squared-mass differences and mixing angles are known to an accuracy that approaches the percent level. The reactor angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta _{13}$$\end{document}$ is away from zero by many standard deviations. For the first time global fits hint at a non-trivial Dirac phase. While the new data have been effective in ruling out many models of fermion masses and mixing angles, as a matter of fact no compelling and unique theoretical picture has emerged so far.

Present data can still be described within widely different frameworks. Based on our experience with gauge interactions we might hope that the flavour sector becomes simple and symmetric at a high energy scale, with a small number of relevant parameters providing a complete description. It is fair to say that we have not been able to identify a clear symmetry pattern from data so far. Before 2012 discrete symmetries were considered as a good candidate. In particular those predicting a nearly tri-bi-maximal mixing were favoured by data, but the prediction of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _{13}$$\end{document}$ turned out to be wrong. The evidence for discrete symmetries in the quark sector is very poor and in a unified description of all fermions this kind of symmetry is typically badly broken in the quark sector. The whole approach is too much centered on the lepton mixing properties, while a description of the fermion masses seems to need additional ingredients. Several modifications of the simplest schemes to accommodate the present data are still possible and have the advantage of being quantitatively testable. But the real open question is whether a non-trivial implementation of discrete symmetries exists encompassing quark and lepton sectors in a unified picture and providing a quantitative description of both masses and mixing angles.

There are other models where fermion masses and mixing angles are mapped into a large number of irreducible and unconstrained order-one parameters, thus incarnating the Anarchy idea. For their intrinsic nature these models essentially escape experimental tests going beyond the order-of-magnitude accuracy. However, we cannot fail to be impressed by the fact that they can provide a common description to both fermion masses and mixing angles, that they are compatible with grand unified theories and that they can be derived within widely different theoretical frameworks. The fact that this kind of models can be implemented even in a highly constrained setup such as an SO(10) grand unified theory is really remarkable. As a drawback, in these models the bounds on the scale of new flavoured physics is typically pushed above the 10 TeV scale, reducing the possibility of testing these ideas.

Flavour remains a fascinating mystery, still eluding all our attempts to find the rationale underlying our observations. Has this puzzle any solution? Are we misled by the questions we have formulated so far? Will we ever have access to the flavour scale? Man has long been fascinated by the mystery of planet motion. Surprisingly precise measurements and accurate predictions already existed in remote epochs. For a long time the most reliable models were based on the special character of geometrical figures like the sphere or the circle. Attempts to explain the relative sizes of the solar planetary orbits revealed themselves misleading. More accurate observations, perseverance in identifying the correct questions and renunciation of old prejudices opened new perspectives to the scientific thought. Will this be the fate of the flavour puzzle too?
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                \begin{document}$$|V_{ub}|=36.3\pm 1.2(35.7^{+1.6}_{-1.5})\times 10^{-4}$$\end{document}$ \[[@CR78]\] (\[[@CR79]\]) are compatible with the ones in Ref. \[[@CR77]\] ($\documentclass[12pt]{minimal}
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                \begin{document}$$|V_{ub}|=(35.7\pm 3.1)\times 10^{-4}$$\end{document}$) and, at the same time, more restrictive.

According to Ref. \[[@CR86]\], the five independent hermitian 5-zero textures originally proposed by \[[@CR85]\] are still viable. However, the values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ obtained from these textures in Ref. \[[@CR86]\] are too small, out of many sigmas from the currently allowed experimental range, except for the texture IV where the agreement is within about two sigmas.

It is well known that, in concrete models, the TB mixing pattern can also be obtained from the group $\documentclass[12pt]{minimal}
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                \begin{document}$$A_4$$\end{document}$, generated by *S* and *T*, if *U* arises accidentally due to a particular field content.

This formula is not entirely of empirical origin, but has been conjectured in the framework of a preonic model supplemented by some ad hoc assumptions.
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